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Overview

Understanding the derivation of the differential linear momentum equation for
incompressible Newtonian fluids — the Navier-Stokes equation.

This is a set of partial differential equations that are valid at any point in the flow.

When solved, together with the continuity equation, these equations yield details about the
velocity, density, pressure, etc., at every point throughout the entire flow domain.

From these fields, by integration, we can find the gross features of the flow such as the net
force on the walls or on immersed bodies.

Obtaining analytical solutions of the equation of motion for simple flow fields.

Derivation of the Stokes equation for creeping flow. Obtaining the drag force on a sphere in
a uniform stream.

Other applications of the Stoke’s equation.




All models are wrong

but some are useful

George E.P. Box




Newtonian fluids
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Newtonian and
non-Newtonian

fluids

* Newtonian fluids, defined as
fluids for which the shear
stress is linearly proportional
to the shear strain rate. Many
common fluids, such as air and
other gases, water, kerosene,
gasoline, and other oil-based
liquids, are Newtonian fluids.

* Fluids for which the shear
stress is not linearly related to
the shear strain rate are called
non-Newtonian fluids.
Examples include slurries and
colloidal suspensions, polymer
solutions, blood, paste, and
cake batter.
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Toothpaste: Bingham plastic Ketchup: shear thinning ( féquo,’)(é/gh(os

https://www.youtube.com/watch?v=2mYHGn_Pd5M&t=143s

Cornstarch: shear thickening (p{[()-law}e) Honey: viscous Newtonian fluid




SEARCH & DISCOVERY

Viscoelastic fluids with no strings attached

Dispensing a fluid is quick
and clean when the nozzle
is rotated. The fluid's elastic
properties are the reason why.

likely dealt with the wisps of glue that

trailed after it. The same issue plagues
additive manufacturing: Instead of a tidy
reproduction of the desired shape, a three-
dimensional printer constructs an object
marred by plastic strings, as shown in
figure 1. Those strings are difficult to pre-
vent when dispensing plastics, polymers,
and other viscoelastic fluids, which be-
have as viscous fluids at low speeds and
as elastic solids at high speeds.

When an ordinary Newtonian fluid
such as water is dispensed from above, it
bridges the gap between the target sub-
strate and the nozzle. If the gap is kept
below a critical value, the connection
is stable. At or above that value, gravity
gradually drains the liquid until the
bridge breaks. To speed up the severance,
one can simply lift the nozzle to thin the
bridge until it splits.

Retraction also expedites the breakup
of viscoelastic liquid bridges. But as the

I f you've ever wielded a glue gun, you
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FIGURE 1. PLASTIC STRINGS mar the 3D-printed gazebo shown here. The strings
appear when the printer nozzle lifts to detach from the deposited viscoelastic fluid.
That retraction elongates the connecting fluid bridge, and after detachment, the
strand sticks out. (Photo by Vicky Somma, CC BY-NC-SA 2.0.)

https://doi.org/10.1063/PT.3.4809
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https://doi.org/10.1063/PT.3.4809

Water Olive Qil Honey

Medium viscosity

www.shutterstock.com - 1308961747

Viscosity of Newtonian fluids

Caracterizes the degree of internal ‘friction’
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This “friction’, viscous stress, is associated with the resistance offered by two
adjacent layers of the fluid to their relative motion.
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Superfluid
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Indistinguishable particles.
Nearly zero viscosity fluids.

Hydrodynamic equations are
classical.
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Suggested reading: https://www.scientificamerican.com/article/superfluid-can-climb-
walls/

>l o) 1:25/1:44

Superfluid helium
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Differential analysis: mass

We start with the conservation of mass, which through the RTT yields the continuity
equation
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Streamline

Continuity equation in cylindrical coordinates:

d alr d d .
_p + l "ﬂur} + l {puﬁj + {'ﬂu‘} =10
dt r dr raf Jz

Steady continuity equation: V-i(pV) =10
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Incompressible continuity equation:

Incompressible continuity equation in Cartesian coordinates:

du av oW
dx dy dz

Incompressible continuity equation in cylindrical coordinates:
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Volume = Uy =V,

Time = t, )
[
i

Volume = V|
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The volumetric strain rate vanishes
for incompressible flows.
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Recall

Reynolds transport theorem (RTT)
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FIGURE 4-53 d_f
Two methods of analyzing the spray-
ing of deodorant from a spray can:
(a) We follow the fluid as it moves
and deforms. This is the system
approach—no mass crosses the
boundary, and the total mass of the
system remains fixed. () We consider
a fixed interior volume of the can. This
is the control volume approach—mass
crosses the boundary.

—

Surface force acting on a differential surface element. dF

o.-n dA

surface = Y jj



Differential analysis: momentum

* For a control volume the RTT gives the momentum equation:

— I _ I — i — I — = _,
EF = | peg dV + | o;-ndA = —(pV)dV + | (pV)V-n dA
oV IS Joy ot Jcs &

dx

* The total force acting on the control volume is equal to the rate at
which momentum changes within the control volume plus the rate at
which momentum flows out of the control volume minus the rate at
which momentum flows into the control volume.

* The divergence theorem implies that

(pV)V-iidA = L V-(pV V) dV

Cs W 15



and

L oy idA = f Voo dV
5 CV

* Re-arranging the terms, we find the equation

dV/ =10

[ '& —-_= —h —s —h — —_
L [— (pV) + V-(pVV) — pg — Vo
v Lot
valid for any CV and thus, we obtain the Cauchy equation of motion

d —s — —s — — —
Cauchv’s equation: E[,r.-"r"]- + V-(pVV) = pg + Vo

Other derivations are possible, e.g. by starting from an infinitesimal CV.
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Alternative form of Cauchy’s equation

* Clearly, i aV  _ap
ELPVJ=PE+VE

* The second term of Cauchy’s equation can be written as

— —3

V-(pV V) = VV-(pV) + p(V-W)V
* Substituting this into the Cauchy’s equation we find

+ p(V-VV = pg + Vo

o — —
=V E Vv
Par at pv)

* The continuity equation implies that the term in brackets vanishes

and then

Alternative form of Cauchy’s equation:

v VYW bV _ s+ %
1| — (-9 — —_— = T 1+ W
Plac : P i pE



Cauchy’s equation in cartesian
components




The Navier-Stokes equation

* To be mathematically solvable, the number of equations must equal
the number of unknowns, and thus we need six more equations.

* These equations are called constitutive equations, and they enable us
to write the components of the stress tensor in terms of the velocity
and pressure fields.

* The first thing we do is to separate the pressure stresses and the
viscous stresses.

e For a fluid at rest

Ty Ty Ty —P 0 0
Fluid at rest: T = | Oy Oy o |=| 0 —F 0
o, T, O, 0 0 —P



* For moving fluids,

Moving fluids:

On Tp Ty —-P 0 0 T Ty Tum
O = | O Oy Oy | = 0 —P 0]+ T Tw Ty
Ty Oy Og 0 0o -—-P Tax Ty Tz

* where we have introduced a new tensor, 7;;, called the viscous stress tensor
or the deviatoric stress tensor.

* There are constitutive equations that express 7;;in terms of the velocity field
and measurable fluid properties such as the viscosity.

* The actual form of the constitutive relations depends on the type of fluid.

* The stress is Galilean invariant: it does not depend directly on the flow
velocity, but only on spatial derivatives of the flow velocity. So the stress
variable is the tensor gradient Vu.

* The fluid is assumed to be isotropic, as with gases and simple liquids, and
consequently tis an isotropic tensor; furthermore, since the deviatoric stress
tensor can be expressed in terms of the dynamic viscosity p:

20



Acheson, page 209

Stokes (1845) deduced eqn (6.9) from three elementary hypoth-
eses. On writing T;; = —pd,; + T these amount essentially to:

(i) each T; should be a linear function of the velocity
gradients du,/dx,, du,/dx,, etc.;

(i) each T} should vanish if the flow involves no deformation
of fluid elements;

(iii) the relationship between T} and the velocity gradients
should be isotropic, as the physical properties of the fluid
are assumed to show no preferred direction.

21



Navier-Stokes equation for incompressible
and isothermal flow

Viscous stress tensor for an incompressible Newtonian fluid with constant properties:

where p is the shear viscosity.

In cartesian coordinates, the deviatoric stress tensor becomes

du ar i aw
—+—| pl -+
ay ax az ax

— Te e e av v dw
Ti =" T 2”; pl— .
&
T - T ) }
® o aw v aw
day az z
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Stress tensor for Newtonian fluids

dul du darr dau W
P Metu) Mgt e

—P 0 0 ) 5 - ; )
v i v v aw
=l 0o —-P 0 |+]| pl=+= — — 4+ =
i #(ﬂr u:'w) ™ oy #( az ﬂ}-‘)

0 0o -—-P N
dw di dw drr . aw
pl—+— ) pl—+— 2p
dx az ay Z Z

Substituting this into Cauchy’s equation we find, in the x direction:

Du_ P o, w8 fw ) 9 fow ou
P pi ox  PERT ARG TR dy \ax  ay Faz \ax " oz

We note that as long as the velocity components are smooth functions of

X, ¥, and z, the order of differentiation is irrelevant. For example, the first
part of the last term above can be rewritten as

a [éw]) d [ aw
Foazlax ) Hax\az
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After some (clever) re-arrangements of the viscous terms we find

Du_ op . [0 oo o 3w daw du
P i ax | PETH lax?  dxdx  axady 8y  ax az a7
B aP+ . +ﬂlu+ﬂzu+d2u
ax | PETH I ax>  ay* a7’

and thus
Du_ 9P + + wuV-ou
Similarly,
D
— = ——+ pg, + pVu
P il Rl
DW _ 3P pg, + uVew
P T PR

Incompressible Navier—Stokes equation:

pvV = = ~
Py = —VP + pg
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Incompressible continuity equation:
du  dv dw

+— 4+ —=10
dx dy dz

x-component of the incompressible Navier-Stokes equation:

. A 32"+

dx

v-component of the incompressible Navier-Stokes equation:

2 u N au
ot ot

v v

dy

av+ au+ av+ v\ aP+ N azu+ N
P ! v Yaz) T Pey T M 52 T 92 T a2
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z-component of the incompressible Navier—Stokes equation:
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e La(uy) 1) o)
Incompressible continuity equation: o + — Y o 0

r-component of the incompressible Navier—Stokes equation:

d
=-——+opg+t

1a [ ou, u 1 u, 2 o, o,
ar Flrar\"or "

rar ar rI 2 ﬂﬂz 2 a0 az*
B-component of the incompressible Navier—Stokes equation:
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at " ar r a8 r uzﬂz

1 aP 1o [ oug\ wy 1 0wy 20u &
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z-component of the incompressible Navier-Stokes equation:
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Viscous stress tensor in cylindrical
coordinates




Alternative derivation of the Navier-Stokes
equation (skip on a first reading)

* [t can be shown (Faber page 196-198) that the isotropy of the fluid,
the symmetry of the shear stress and the linearity between stress
and strain rate imply,

_ _ g (2 8u| . aug o au3
Pr="r 3" ax,  dx,  dxy)’
where

3p=pi+pr+py=p+p2+ ps

with similar equations for 2 and 3.

* For incompressible fluids, the equations may be re-written,

ou

=p - 25—,
I ] ox,
or ¢lse that
du dity
=p+2yi— + —
Pr=p i ( ot ax3)



Now any second-rank tensor may be expressed as the sum of three parts, one of
which is isotropic in character and the other two_anisotropic. The two anisotropic
parts are traceless tensors (the word ‘traceless’ means in this context that when the
tensors’ components are written out in matrix form the diagonal ones sum to
zero), one of them symmetric and the other antisymmetric; the components of the
antisymmetric part change sign when the reference axes are reflected (i.e. when
they are labelled according to the left-handed convention instead of the right-
handed one, or vice versa), but the components of the symmetric part are
unaffected by reflection. The stress tensor, for example, may be divided thus:

1 . 1/ 2
ag; = = () Opnm + = Ui;' + Oy — 3 ér’j“mm) +

i 3 i 2 | 3 J (.Oﬁ o Un" ) *

DD | =

where, according to the standard summation convention for repeated dummy
suffices,

Tmm — Yy + O + 033 = _3p9
we may write the symmetric anisotropic part of the stress tensor —
gy + 0up = q;; (say),

while the antisymmetric anisotropic part — the third term — evidently vanishes.
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[f the rate of deformation tensor is divided in this way its isotropic part turns out
to be

1 0 1
_fjﬁdu_m [E_éffV‘u .
3 7 oxg 3 -

while tts symmetric and antisymmetric anisotropic parts are respectively

- du, 2 du
—_ + [l S— éi' —a == ﬁ,g' Sa
(ax- dx; 3 ! lESixm) - ( Y)

and

dx;  dx,

1 {ou; du;
5 (— - —!) = w;; (say).

The symbol @ is appropriate in (6.19) because what w;; describes on its own is the
local rate of rotatton of the medium; its six non-zero components are the
components of the vectors +542 and —342, where 2 is the vorticity. What G
describes on its own is a type of shear flow which is vorticity-free.
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(@) (b)

() (d)

Figure 6.3 The effect on the square fluid element shown in (a) of (b)
vorticity-free shear (£, > 0, @, = 0). (¢) pure rotation (&> = 0. @ > =>0), and
(d) an equal combination of the two ({> = @ > = 0).



Where one second-rank tensor depends upon another in a hinear fashion, the
coefficient is a fourth-rank tensor which in general may have up to 81 independent
components. However, the fourth-rank tensor which relates stress to rate of
deformation 1n a Newtonian fluid must be isotropic if the fluid itself is isotropic,
and this greatly reduces its complexity. [t turns out that each of the three parts of
the stress tensor must then be separately related in a linear fashion to the
corresponding part of the rate of deformation tensor, and that the coefficient is in
cach case a scalar. For example, we must expect

]

5 (0 — 0;) > wy.
In this case the scalar coefficient of proportionality must be zero because the
antisymmetric part of the stress is always zero, and this i1s no surprise; local
rotation does not change the separation between any two points embedded in the
fluid an infinitesimal distance apart, so there is no reason to expect it to give rise to
stress. More significantly, we must expect g;; to be proportional to ;. and by
choosing the constant of proportionality to be 25 we arrive at once,

\

du; | du; du; 2 duy,
I ¢

-l-—-‘-); -pitp=n|2— —<
ax; o ax) ' Coax; 3 ax,,
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Total force on a fluid element (component 1)

o5
1 )
hE] + jd R

ap
Pl"'idE;':

f, zl( 0Py | 955 | 953
axl X~ X

az

0X |

34



Supposing the fluid to be Newtonian and effectively incompressible,

a (p
fi= = (_ + gz)
ax; \p
i E (_ 2 azug ) 82u3 n 8'2[121 i 62112 " 82113 4 62111).
pY ax0x, X 0x;  OX3  0Xa0x;  dxydx,  0x3

After rearrangement of terms this becomes
: d ) fou au d [ou d
f|=——(E+§Z)“E C ( 2 1)_ ([_l_ H3)‘
ax] P P ax:z E}xl t:}.lfg 6)63 S.l_; Bxl

and the complicated expression enclosed by curly brackets on the right-hand side
15 just the x; component of VA (V A w), 1.e. of VA L2,

The total force in vector form is
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Navier-Stokes equation for incompressible
fluids

:
- Vp* — VA Q2= p('—” + p(u-V)u,
ol

where p™ 1s the local excess mean pressure defined by (2.21). Equation (6.25) 1s the
equation of motion which replaces Euler’s equation for a fluid which has viscosity
but which is still effectively incompressible and also, to be on the safe side,
isothermal. It differs from Euler’s equation only, of course, in so far as it includes
a viscous term.

Obviously, the term involving n drops out when £21s uniformly equal to zero.

The term involving » also drops out, of course, when &2 is uniformly equal to
some constant other than zero and, more generally still, whenever £2, although
non-untform, is expressible as the gradient of some scalar potential
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Boundary conditions

* The most-used boundary condition is the no-slip condition, which
states that for a fluid in contact with a solid wall, the velocity of the
fluid must equal that of the wall,

|
l

—
Il

I .- — g .
No-slip boundary condition: Fluid wall

Magnifying

Piston glass
v

X 37
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Boundary conditions

* When two fluids (fluid A and fluid B) meet at an interface, the interface
boundary conditions are

Interface boundary conditions: Vo=Vy and 71 , =174
Fluid B
=
—% ! 1
I
— Ty, B |
n = VB bt
S e —I"_'_'_'-'rh- -
.._-—-_—;'." 1 T.'I'.,.I’I. I
- V 1 I

Fluid A
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Boundary conditions

* For a liquid in contact with a gas, with negligible surface tension
effects, the free- surface boundary conditions are

Free-surface boundary conditions: Py, = F,,.  and

Fluid B—air S
ay )
Hair T =E \ / e
——————— e = N
—_— = - -
¥ Uwater Bt
Lf @)
Fluid A—water DY J e
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Fully developed Couette flow

V
Moving plate
Fluid: p, st ft ] ¥
|
Fixed plate W X 1 X
-
~1

e Consider steady, incompressible, laminar flow of a Newtonian fluid in the
narrow gap between two infinite parallel plates. The top plate is moving at
speed V, and the bottom plate is stationary. The distance between these two
plates is h, and gravity acts in the negative z-direction (into the page).

* The boundary conditions come from imposing the no-slip condition: (1) At the
bottom plate (y=0), u=v=w=0. (2) Atthe top plate (y=h),u=V,v=0, and w

=0.
e Continuit I aaf aw au
Y =+ X2 + F=0 5 Z=o0
ax /oy ‘a7 Jx

Result of continuify: u = w(y) only 0



Navier-Stokes x, y and z componentes:

There is no applied pressure gradient pushing the flow in the x-direction; the flow
establishes itself due to viscous stresses caused by the moving upper plate.

1@
3w AT =Y e

In the x direction:

i du i du ap
pl— + u+— + -— + /—'— = —  +
v

=0

bt ~—ix dy iz dx e
io /A’/p (4 - o - 5 }
In the y direction: ° 0 + ”(Li N '5'_“ + ‘E'j‘) _ = * —o
dx® dy? iz? dy*
dP 0 - Vo ‘
S—— = 1 5
ay d D/M e
I
Result of y-momentum: P = P(z) only

In the z direction:

aP dP
—=-p8 — ——=-—pg
dz dz
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Velocity field

u=Cy+ G Mw{,%}_v:?C.:%\
Ju 7 Mg =0) =0 =20
9511

Final result for velocity field: ' = '.'i s

Pressure field

P = —pgz + C

Final solution for pressure field:

v
[
—i, ¥
h u= '.f'ﬁ
| !
x
1
1
1
1
é’ e
1
1

For incompressible flow fields without free surfaces, hydrostatic pressure

does not contribute to the dynamics of the flow field.
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Shear force on the bottom plate

Deviatoric shear stress tensor

did did di did dw ¥
ugy ot ) ”(I ) WA
(), w )l |,V
i~ '“’(%-:'i.l' N d_&') - dy 'u( iz ﬂ}') N o0 |
“(’ﬂ . E) #(EJFE) o 0o 0 0
, 0 a7 . dy az az

Rotational flow

Shear force per unit area acting on the wall:

Discussion The z-component of the linear momentum equation is uncoupled from
the rest of the equations; this explains why we get a hydrostatic pressure
distribution in the z-direction, even though the fluid is not static, but moving.

The viscous stress tensor is constant everywhere in the flow field, not just at the
bottom wall (note that the components of the tensor are not a function of location).
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Rotational viscometer

Fluid: p, p

The gap between the two cylinders is very small and
contains the fluid.

A

Magnifying
glass

The magnified region is nearly identical to the parallel
plates setup since the gap is small, i.e. (R,- R) << R..

In a viscosity measurement, the angular velocity of the
inner cylinder, w, is measured, as is the applied torque,

Tapplied 7 required to rotate the cylinder.

Il -
|  Rotating inner cylinder

Stationary outer cylinder

From the previous example, we know that the viscous shear stress acting on a fluid
element adjacent to the inner cylinder is approximately equal to

B _ V B iR
T — T:-, x — MK u B Rl? _ Rj.
h

T acts to the right on the fluid element adjacent to the inner cylinder wall; hence,
the force per unit area acting on the inner cylinder at this location acts to the left
with the same magnitude.



The total clockwise torque acting on the inner cylinder wall due to fluid viscosity is
thus equal to this shear stress times the wall area times the moment arm,

wk;
T=F.J Tuicows = TAR; = pp— o 27RL R,
. F
%
0

Under steady conditions, the clockwise torque T, is balanced by the applied
counterclockwise torque T, ;.4- EQuating these we find

Viscosity of the fluid:

(OV\Z’IQC (JQ(O
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Couette flow with applied pressure gradient

The same as in the Couette flow of the previous slides

but the x-component of the momentum equation
NOW:

d? 1 aP
Result of x--momentum: Sl
dy*  poax
Integrating twice yields
Integrati tunn: - L¥5 + Cy+ C
niegration of x-momentum: 2 ox ¥ v 5
For the pressure
Integration of z-momentum: P
Final result for pressure field:

1S i Moving plate

Fluid: p., p

P, Fixed plate

aP Py - P|
,rh_'_.l"l X

= —pgz + flx)

or
P=P,+ —x— pgz
» T o PE

W _ _
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* Applying the velocity boundary conditions

1 aP

U=——X04+C X0+ GC=0 — GC=0
2p ax
— la.th _ v 1 aP
= ax +CXh+0=V = C1_E_EE
Vy 1 aP
u=—+= — (y* = hy)
i 2p Ox

* u(y) is the velocity profile of Couette flow between parallel plates
with an applied negative pressure gradient; the dashed red line
indicates the profile for a zero pressure gradient, and the dotted line
indicates the profile for a negative pressure gradient with the upper

plate stationary (V' < 0).
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Dimensional analysis

* The problem is set in terms of velocity u as a function ofy, h, V, m,
and —P/-x. There are six variables (including the dependent variable
u), and since there are three primary dimensions (mass, length, and
time), we expect 6 - 3 dimensionless groups. When we pick h, V, and
m as our repeating variables, we get the following result:

I aP
Result of dimensional analvsis: — = f (1 ——)
h pV ox
Dimensionless form of velocity field:  u* = y* + — P*y*(y* — 1)
1
CI_S—:
P*=|5¢ s

0.6 10
yE=wh ] 5 -10
0.4

0.2 ]




Oil film falling down a vertical wall

¥ 1. The wall is infinite in the yz-plane (y is into the page for a right-handed
| coordinate system).

P=Pw 2. The flow is steady (all partial derivatives with respect to time are zero).
oifilm:—— . 3. The flow is parallel (the x-component of velocity, u, is zero everywhere).

Py

- \ \ 4. The fluid is incompressible and Newtonian with constant properties,

wall ¢ and the flow is laminar.

5. Pressure P = P_, . constant at the free surface. In other words, there is
no applied pressure gradient pushing the flow; the flow establishes itself
due to a balance between gravitational forces and viscous forces. In
addition, since there is no gravity force in the horizontal direction, P = P,
everywhere.

6. The velocity field is purely 2D, which implies that derivatives w.r. to y
are zero.

7. Gravity acts in the negative z direction.

8. The boundary conditions are: no slip at the wall; atx=0,u=v=w =0.
At the free surface (x = h), there is negligible shear, which for a vertical

-~ h—————

. . . ow
free surface, in this coordinate system, means P 0 at x = h.



Continuity:
%E+%+"_“’=n S 2oy
X iz 9z

Result of continuity: w = wix) only

NS w: +ﬂ(i_l;’ N % N 6715)

w 11 ol C|I + C1
. i,u
Integration:
- — M

Boundary condition (1): w=0+0+G=0 G =10
and

. dw Pg pgh
B ndit. 2 — —h+C =0 C,=—

oundary condition (2) ‘i");-a m — m
Velocity fieid w3 EE e TR

Ip I Ip
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Flow in a round pipe: Poiseuille e

D!

1 The pipe is infinitely long in the x-direction. . l ' |
2 The flow is steady (all partial time derivatives are zero). to¥hAA
3 This is a parallel flow (the r-component of velocity, u,, is zero).

4 The fluid is incompressible and Newtonian with constant properties, and the
flow is laminar.

5 A constant pressure gradient is applied in the x-direction such that pressure
changes linearly with respect to x.

6 The velocity field is axisymmetric with no swirl, implying that uyg = 0 and all
partial derivatives with respect to 6 are zero.

7 We ignore the effects of gravity.

8 The first boundary condition comes from imposing the no slip condition at
the pipewall: (1) atr = R,V = 0.
9 The second boundary condition comes froma%he fact that the centerline of
the pipe is an axis of symmetry: (2) atr = 0, — = 0. Alternatively: the

er e pe dx
velocity is finite at the center.

X —X
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Recall — Cylindrical coordinates

: ogf  148F = Of
Gradient bl e el
8pp+ p@ga(p+ 6zz

0 (pA 0A
Divergent e lod,) 1 LP—|—8AZ

p Op p Op 0z

, 1 0 8f) 1 O O
Laplacian —— [ p— | + +
P p Op (p op p? 0p? 027

https://en.wikipedia.org/wiki/Del_in_cylindrical_and_spherical_coordinates



ﬂ P, ﬂ!.ug‘_:l'-
Continuity: =10 ou_ 0
ar ﬂ..'l: dx

Result of continuity: u = u(r) only

d d lg d
'ﬂ(?é " ”’?é ST "ﬁ)
apP 1 6/ ou 1 4 a°
T T P& ”’(FE(’E) +_7§_+_ &

1d( de) 1P
rdr ﬂ'r _,u.ﬂx
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r-momentum: — =0
ar

NS p: : i

Result of r-momentum: P = P(x) only
Integration of NS for u: rd'“ — r’ dp + C

dr 2p dx

V = ttgyy = tiyyy/2
"=EE+EIIDF+EI max
1 dF

4p dx
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Poiseuille’s law for the flow rate

: , : R* dP
Maximum axial velocity: T _E E

2 R R
. 27 dP R* dP
V= L J ur dr d6 =—"'T—[ (! — R)rdr = ————
=0 Jr=0 4# dx Y E.t_t, ax

(—mRY8y) @Pldx) R’ dP
mR® ~ 8podx

v
Average axial velocity: V = n =
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Viscous shear force

The stress tensor is -
Centerline
o
Tn_ 'l'r& 'Tr_' ﬂ ID ﬂ.;
Ti=|Tar Too Tx|= 0 0 0
Ty T To du dP dx
— 0 0 dP dx
ar dx 2
- E—
TII"

Viscous shear stress at the pipe wall: T, = pg— =—— :
) dr 2 dx * I Ty Pipe wall
P

For flow from left to right, dP/dx is negative, so the viscous shear stress on the
bottom of the fluid element at the wall is in the direction opposite to that indicated

in the figure. (This agrees with our intuition since the pipe wall exerts a retarding
force on the fluid.) The shear force per unit area on the wall is equal and opposite to

this; hence,

F_ RdP
Viscous shear force per unit area acting on the wall: f ]
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Viscosity and Poiseuille's Law:
https://www.youtube.com/watch?v=wTnl_kfPBhQ

Asthma Attack
—_—

s

Lo
gL

-
d

If airway radius reduced by 25%, by how much is airway resistance affected?
R 1
e 2/ar )4
attack  _ lattack  _ ~ 32 Airway resistance >
R : 300% baseline!

Full screen (f)

baseline

> o) 653/927 [c K - 200 I I o




Force balance

Navier-Stokes equation

I | XL = -V L3 Vv VEL
ot r

In most of the previous examples, the acceleration of the fluid elements is zero. It
means that the viscous force balance the external force (e.g., gravity) or pressure
gradients in such a way that the sum of forces acting on a fluid element is zero.



Alternative
derivation for flow in
a circular pipe

Obtain the momentum equation
by applying a momentum
balance to a differential volume
element, and we obtain the
velocity profile by solving it.

Free-body diagram of a ring-
shaped differential fluid
element of radius r, thickness dr,
and length dx oriented coaxially
with a horizontal pipe in fully
developed laminar flow.

Sec. 8.4, Cengel

Tr+dr
=i
Po (777771 Pig
I—--_-J
—-
Tr
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In fully developed laminar flow the axial velocity is, u= u(r). There is no motion
in the radial direction. There is no acceleration (check: calculate the

acceleration and verify that it is zero). s Fj -0
N
e Consider a ring-shaped differential volume elementof A - -3 Nm=V
radius r, thickness dr, and length dx oriented coaxially M=
with the pipe. H ,\7/‘
/ M:u
* The volume element involves only pressure and :
viscous effects and thus the pressure and shear forces
must balance each other. The pressure force acting on |

a submerged plane surface is the product of the ) L
pressure at the centroid of the surface and the surface

area. A force balance on the volume element in the
flow direction (x) gives

wp >x _<Zﬂ/\4"'?)x+4u -

d A

— (Z#fa(uC'), + (n V‘a(“f/c/)\/‘fa(v'

- O
-_ 60




() ‘:’ LY al.w o{v‘

(V‘ ?>x - ( r P)w tdun s "(V‘T t <‘/\JC\— v+ di
4« d

-

v ?'M'fdt - E _ (V‘T\)v\-(—dm - (V\TLV — D,
el Av

rdP _ i(i(r‘t) = O | wm25  Trwc /A%ft_
J Iy
rdPoo g J (wa!uw
ﬂ 4‘/‘ j? du 1 aP

Same equation obtained with NS: rdr (rE) - W oax



Recall

Deviatoric stress tensor

Y Ta (TR)

du, a [ iy 1 du, du,  du,
wir ()] W)
d [ g 1 du, 1 dug o, du, ] du,
G I A B Ca )
ey 2) (e, L) u 2
dz ar az ré 9z

Stress tensor

L » 7
ij‘j — ?gjj "{" J/

62



Different fluid element (r from 0 to R)

2eRdx T,
y—
L
: : TRAP + dP)
I |
__
r L
LA
N
X 1 |
L
]
Force balance:
aRIP g RYP + dP)y - 27 R dx =0
Simplifving:

_ In,

dx R
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Separation of variables implies that the pressure gradient is constant % -

The velocity profile is obtained by integration and use of the boundary conditions:

r] dP ("“)MZI/\: IZ \ = O
u(r) = 4#(5) + ¢ In r+/
4

- ° (Ju(\/‘z @) e f(mlﬂLo )

=505\

The average velocity is

In terms of which the profile becomes

u(r) = 31,-“1_;(1 - ;T)



Effect of gravity

* Gravity has no effect on flow in horizontal pipes,
but it has a significant effect on both the velocity
and the flow rate in uphill or downhill pipes.

* Relations for inclined pipes can be obtained in a
similar manner from a force balance in the
direction of flow. The only additional force in this
case is the component of the fluid weight in the
flow direction, which is

W_= Wsinfl = pgV/

I glement

sin @ = peg(2mr dr dx) sin #

Then (2arr dr P), — (2ar dr P),, 4 + (2707 dx 1), 7

— (29rr dx T}Hdr — pg(2wrdrdx)sin = 0 — "\,)/4}
7

and od ( .:iu) dP
=2 =" 4 Hosinf
p T pgsin
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Effect of gravity

The velocity profile, average velocity and flow rate are:
£ meF)
uir) = g \dx pg sin e

_ (AP — pgL sin §)D? . (AP — pgL sin OyzD*
Vaveg = 32uL and V= 1281

* As expected, gravity opposes uphill flow, enhances downhill flow, and has no effect
on horizontal flow.

* Downhill flow can occur even in the absence of a pressure difference applied by a
pump. For the case of P, = P, (i.e., no applied pressure difference), the pressure
throughout the entire pipe would remain constant, and the fluid would flow
through the pipe under the influence of gravity at a rate that depends on the angle
of inclination, reaching its maximum value when the pipe is vertical.
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Dvye trace

i"'IEL-.-g,

Dye injection

() Laminar fow

—

Dye trace

Vive

Dye injection

(b) Turbulent flow

The flow regime in the first case is said to be
laminar, characterized by

smooth streamlines and highly ordered
motion, and turbulent in the second

case, where it is characterized by velocity
fluctuations and highly disordered motion.

The transition from laminar to turbulent
flow does not occur suddenly; rather, it
occurs over some region in which the flow
fluctuates between laminar and turbulent
flows before it becomes fully turbulent.

Most flows encountered in practice are
turbulent. Laminar flow is encountered
when highly viscous fluids such as oils flow
in small pipes or narrow

passages.
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Re = 2300 laminar flow
Reynolds 2300 = Re = 4000 transitional flow

number
Re = 4000 turbulent flow
Yo,

/\?t‘w) (3 eno;MMA o/e PO/'SeuGl?//p



https://www.youtube.com/watch?v=6A8B05V40zA

= B Youlube o flow turbulence tube

Injection ->

Transitional Flow (Wavey)
Reynolds number Re ~2,200-4,000

> M O 0177035 o & [« O 8] I3

#fluidmechanics #fluiddynamics

Visualization of Laminar to Turbulent Flow Transition in a Pipe

#3) Fluid Matters @
ﬁ\, 4.72K subscribers Eﬁ 7 9] A) Share



Sudden motion of an infinite flat plate

Fluid: p, u
z > My #0

& A M) Mo = O
Infinite flat plate ® 5\

g =gk

Consider a Newtonian fluid on top of a flat plate in the xy-plane at z = 0. The fluid is at rest
until t = 0, when the plate suddenly starts moving at speed V in the x-direction.

1 The wall is infinite in the x- and y-directions; thus, nothing is special about any
particular x- or y-location.

2 The flow is parallel everywhere (w = 0).

3 Pressure P = constant with respect to x. In other words, there is no applied pressure
gradient pushing the flow in the x-direction; flow occurs due to viscous stresses caused
by the moving plate.

4 The fluid is incompressible and Newtonian with constant properties, and the flow is
laminar.

5 The velocity field is two-dimensional in the xz-plane; therefore, v =0, and all partial
derivatives with respect to y are zero.

6 Gravity acts in the -z-direction
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Initial and boundary conditions:

(1) Att=0, u=0 everywhere (no flow until the plate starts moving);
(2) atz=0, u=V for all values of x and y (no-slip condition at the plate);
(3) asz - oo, u = 0 (far from the plate, the effect of the moving plate is not felt);

(4) atz=0,P =P,
along the plate).

(the pressure at the wall is constant at any x- or y-location

) Uyz 9

* Continuity ou + %k + i =10 —3 o =1
dx ey T?/E_ dx

Result of continuity: u = u(z, r)only

V-9

2-" .‘.jov;’ - 'V"E + S’ + sz;"-,
ot ¢

* y—momentum

*:_F o Result of y-momentum: P = P(z t) only
y
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Z- momentum — = —pg

az

X — momentum Vn‘,

IO T
" %

Ver €e f/?limn.a;u'o
V.=
(Diffusion equation for u, with D=v)

Result of x-momentum:

ij.? ?40 (]/.;1 Se foa(c U$dn b)(e{. j fo

=) P': Pw;l( "’(3»’

~g2s)

Pix) = ¢

Y=L

ko sh) o

at iz
J l-—):o V.-
ame Pl e

I“C“; endifsim, Sy ds Aihogs.,
du \ 8% %C; =D Die
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The 1-D diffusion
equation is linear

It is a partial
differential
equation (PDE)

It is used in many
fields of physics
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Diffusion equation

DIFFUSION @eYJus

Dye
Molecules

Water
Molecules

®

5o
oo
oo
8o
00
oo
oo
6o

20Q0QQ0QQ

Qog o o o

(04; . JG ‘[‘ fu’p

2
dC(x,t) _ Da C()Zc,t)
ot 0x
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From the z-component we obtain the pressure
P = —pgz + fi1)

Boundary condition (4): P =0+ fit) = P, — =P,
Final result for pressure field: P=P, 53— pez
1 —
Final result for velocity field: n = F[l — E]‘f( - )]
0.8 E‘mf’l'IT.l‘
0.6
erf(é) ] £) - 'r L
04-—f+— | Error function: erf(£) = ——= | e "dn
: Vi o
02
0 —frrrrprrrrrrr RN AR Verify that this is a solution of the differential equation and that it
0 05 1 1.5 2 25 3

satisfies the boundary conditions. 75



T \
NN

.-'/
~
~
..-'"""fgf
|

After 15 min of flow, the effect of the moving plate is

zm 0.1 \ 31»'\ \h not felt beyond about 10 cm above the plate!
i I'h
i S min \\
:Hﬂ-ﬂs -....“-""'-
0

0 02 04 06 08 1
i, ms

water at room temperature (v = 1.004 x 10— m?/s) with V= 1.0 m/s

e
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The time required for momentum to
diffuse into the fluid seems much longer
than we would expect.

This is because the solution presented
here is valid only for laminar flow.

It turns out that if the plate’s speed is
large enough, or if there are significant
vibrations in the plate or disturbances in
the fluid, the flow will become turbulent.

In a turbulent flow, large eddies mix
rapidly moving fluid near the wall with
slowly moving fluid away from the wall.

This mixing process occurs rather quickly,
so that turbulent diffusion is usually
orders of magnitude faster than laminar
diffusion.

3_
2.5
.
zm'-f’:\
e
] \"-..
['j: R"‘\N‘
ﬂ_IIIIIIIIIIIIIIIIIIII
0 02 04 06 O8
wlV
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Sec. 10-2 Cengel

Non dimensionalized equations of motion

Our goal in this section is to nondimensionalize the equations of
motion so that we can properly compare the orders of magnitude of
the various terms in the equations. We begin with the incompressible
continuity equation,

VW =0

and the vector form of the Navier—Stokes equation, valid for
incompressible flow of a Newtonian fluid with constant properties,

DV [V o - —
"jﬁ:'ﬂ ;+LF"‘F}F = —VP + pg + uV-V



Scaling parameters used to nondimensionalize the continuity and momentum
equations, along with their primary dimensions

Scaling Parameter Description Primary Dimensions
L Characteristic length {L]

v Characteristic speed [Lt71}

f Characteristic frequency [t™1}

P,— P, Reference pressure difference [mL-1t2}

g Gravitational acceleration {Lt-2}

'G(,): 2‘*):‘* e NJ ..L— =) ql“") = V-)((-") .'__ =) Vx; q L
I* L L

We can define scaled variables:

—
P S SV
L V
., P-P, _, F = =
P—PQ_PW e=7 VoI &
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In terms of which the continuity and NS equations become

7 e
Nondimensionalized continuity: VeV =10 y V = 0 =) v ‘( - -
y £y ) ) L 0
2 F pv (_"t _"t)_"ﬁ 'PU' - 'P-:-n — .Pu' Ty ok
: = ———=VP + + vV Y| J x
¢ vV v —=¥ g + - 2T v,
ot T
L ﬂv‘ e = [T P - 'Pn-\:h = * L —k 3T
A b N L P
V] ot pV= V= pVL
S-‘— BM _L -l__
Fr Re

Nondimensionalized Navier—Stokes:

—

502 4 (I = —E P+ | |7+ [
7 at M - ! Fe2 |2 Re

Thus, the relative importance of the terms in the NS equation depends only on the relative
magnitudes of the dimensionless parameters in square brackets [ ] known as the Strouhal
(St), Euler (Eu), Froude (Fr), and Reynolds (Re) numbers.
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Dynamic similarity

* Since there are four dimensionless
parameters, dynamic similarity —
between a model and a prototype Stpcncype Elpetayper Feotoyper Reponaype
requires all four of these to be the
same for the model and the
prototype (St 4o = St
EU,ototyper FT =Fr

Remodel = Reprototype)'
Ex: TV/‘M( ‘l' VM‘L" Model
v

— 1 |
L@*'—DJ,

prototype’ Eumodel =
and

model prototype’

Stiodel Ellmogelr Frmodel: Remodel




* If the flow is steady, then f = 0 and the Strouhal number drops out of the list of
dimensionless parameters (St = 0). If the characteristic frequency f is very small
such that St << 1 the flow is called quasi-steady. This means that at any instant in
time (or at any phase of a slow periodic cycle), we can solve the problem as if the
flow were steady, and the unsteady term again drops out.

* The effect of gravity is usually important only in flows with free-surface effects
(e.g., waves, ship motion, spillways from hydroelectric dams, flow of rivers). For
many engineering problems there is no free surface (pipe flow, fully submerged
flow around a submarine or torpedo, automobile motion, flight of airplanes,
birds, insects, etc.). In such cases, the only effect of gravity on the flow dynamics
is a hydrostatic pressure distribution in the vertical direction superposed on the
pressure field due to the fluid flow.

Moaodified pressure: P'" =P+ pgz

* In terms of which the NS equation becomes

DV _ (& @57] = 5+ wev
—_ = —_— F T ] — %7 1 T4
o Fla " a
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Creeping flow
(Stokes)

* Approximation of the class of fluid flow
called creeping flow.

e Other names for this class of flow
include Stokes flow and low Reynold
number flow.

* As the latter name implies, these are
flows in which the Reynolds number is
very small (Re << 1).

* By inspection of the definition of the
Reynolds number, Re = pVL/u, we see that
creeping flow is encountered when either
p, V, or Lis very small or viscosity is very
large (or some combination of these).

rp\ei L\/ /M:P-\)

_—

\7

Sec. 10.3, Cengel

—

100% Pur
Honey

Direet 1o you
from the loyely
Stokes \alley
kes \alle)
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Stokes flow

* Another example of creeping flow is all around us
and inside us, although we can’t see it, namely, flow
around microscopic organisms. Microorganisms live
their entire lives in the creeping flow regime since
they are very small, their size being of order a few
microns, and they move very slowly, even though
they may move in air or swim in water with a
viscosity that can hardly be classified as “large”. u,;,
= 18.5 uN-s/m? and p o, = 1.002 mN-s/m? at room
temperature — for comparison, fi,yne, = 6 N-s/m?.

* Salmonella bacterium swimming through water. The
bacterium’s body is only about 1 um long; its
flagella (hairlike tails) extend several microns behind
the body and serve as its propulsion mechanism.
The Reynolds number associated with its motion is
much smaller than 1 (typically, Re=10—>—107%).

| um 3

(b)
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Stokes flow

* For simplicity, we assume that gravitational effects are negligible, or
that they contribute only to a hydrostatic pressure component, as
discussed previously.

* We also assume either steady flow or oscillating flow, with a Strouhal
number of order unity (St < 1) or smaller, so that the unsteady
acceleration term is orders of magnitude smaller than the viscous
term [1/Re] (the Reynolds number is very small).

* The advective term is of order 1, so this term drops out as well.

Thus, we ignore the entire left side of NS, which reduces to
co"ﬂ"V".”Jé @

Nondimensionalized Navier—Siokes: LL f"“"”.
o
P = _[Eu]V' P +
/Z / [ Eul h-/ R{‘
Creepmg ﬂﬂu approximation: [Eu]V'P" = E VI .




Approximate Navier—Stokes eguation for creeping flow:

You rely on inertia when you swim. For example, you take a
stroke, and then you are able to glide for some distance
before you need to take another stroke. When you swim, the
inertial terms in the Navier—Stokes equation are much larger
than the viscous terms, since the Reynolds number is very
large.

For microorganisms swimming in the creeping flow regime,
however, there is negligible inertia, and thus no gliding is
possible. In fact, the lack of inertial terms has a substantial
impact on how microorganisms are designed to swim. A
flapping tail like that of a dolphin would get them nowhere.
Instead, their long, narrow tails (flagella) undulate in a
sinusoidal motion to propel them forward, as illustrated for a
sperm. Without any inertia, the sperm does not move unless |
his tail is moving. The instant his tail stops, the sperm stops | - o

moving. J v

C——

51'1:]:4',
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How do micro-scale organisms swim?

. Tumble

&( %un e 1
~
S T e,
From Howard C. Berg's WEB site
Tumble

Microbiology: an introduction. G. Tortora et al., Pearson (2016)

Reynolds number = 10

Equivalent to a human swimming on

hOt tar Brad Nelson, Robotics and Intelligent Systems at ETH Ziirich



Time-reversibility of Stokes Flow

A

https://www.youtube.com/watch?v=p
08_KITKP50

A

Time-reversibility of Stokes Flows: Dye has been injected into a
viscous fluid sandwiched between two concentric cylinders (top
panel). The core cylinder is then rotated to shear the dye into a
spiral as viewed from above. The dye appears to be mixed with
the fluid viewed from the side (middle panel). The rotation is then
reversed bringing the cylinder to its original position. The dye
"unmixes" (bottom panel). Reversal is not perfect because some
diffusion of dye occurs.



Drag in Stokes fl

OW

Drrag force on a sphere in creeping flow:

’—;"—: 3wpuVD

o




Stokes stream function
(Acheson, page 173)

For axisymmetric incompressible flow, we can write in spherical

coordinates: J.A =0 v
- ch/"'wl‘mo \/ ‘(é
—-_% (._,) =0 L W -
3‘( “= A(rsin 9%) _.i
. ;;{7 1 ¥ N 1 3_‘1’
£ =0 Y Psn686’ T rsin6or
o F
i
The Stokes stream function is constant along streamlines:
P o - 1" = Cte 20
. = _ —Lf—q—= ()\4 A=,
D/’-f;) T(u V¥ Y 0 7—[;./ >

D{ 4 (lv\L\L 4& Corp e n/c



Stokes flow around a sphere

(Acheson, page 223)

Axisymmetric flow ~

M z© / Q 5
u=[u,r, 8), ug(r, ), 0] (()

By using the Stokes stream function, we automatically satisfy the
continuity equation (div V =0)

_1 w1 ow
b 2sing 90’ “e = T L sin@ or
Then (vyj}’)
m‘(
VAu=[0,0,— . EZLIJ]
r sin 6

where

52 sinea( 1 a)

E’=—+
arr  r* 360 \sin030
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NS in the Stokes regime

VP = uvV —> Vp=—uVA(N Au)
since v A(VAu = V(V-u) — Vi
S =0
Weobtain ( “op ' u 8
eo ain P= 2{" Ezlp, i(...)
or r°sin 696 0 N\
C«’“?-e- / @
lop  —p 2

— E?y, d (ry..:
r 360 rsin @or —D_f( * 9

Eliminating the pressure cross derivatives we find

— |EXE*W)=0l Ep.p/ e5Cosrentns
“S?Zr./h—?l'-s.

3% sin@ 8 1 9\
+ Y=
[8r2 rr 360 (sin 8 ae)]
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Boundary condition atr=a: noslip

AU -0

oW_13¥|
orl raoe|

V.:" f’-~

\—
At infinity: & - U<

u,~Ucos® and ug~-Usinf@ asr—

b

m) ¥~3Ur’sin’6

Which suggests a solution of the form

¥ = f(r)sin’6

then .
Ez(Ezq,) =0 Q (__(ﬁ - E)zf =(

dr’ r?
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The solution is a polynomial in r, with the condition (use f=\r°‘in the
previous equation):

[(@—2)(e-3)-2[a(a—1)-2]=0 L - -1, L,2,}

=) f(r)=é+Br+Cr2+Dr4

Uniform flow at infinity: ¢=1U and D=0 ](,._,,,) = Juywnt

PI.IZSW\ j;u"'/o .

Atr=a, f(a)=f"(a)=0 Azd_:  Bew3oy
01

. i 3
We find F; = %U(zrz + a._ 3ar)sin29

N O e

r

A
v

Fig. 7.2. Low Reynolds number flow past a sphere. 95




Drag force

op u 0
= E2‘P,
To calculate the pressure, we use or rsin 696

1op —u 9
=/ 2 pry
r30 rsin 00r !

For the previous streamfunction:

E*W = 3Uar ™" sin’6

Integrating




Stress components in spherical coordinates

t,.=T ——p+2y2—u 9’, .:’r.,v- M + Tvo Ko 4 _/}.imé

T
o o
o= Tomurd (L) 4 22

iy : -V 95y 2,/5,-)'
ar r 06

Calculate the velocity using the stream function

T Psin0 06’ 0T T SinG or

ty =T, =0, L1 v 1

Using the streamfunction, we can calculate the velocity field and the
stress components

U U .

t,=—pm+%“—cos 6, t9=—%u—sm8.

a a
By symmetry, we expect the net force on the sphere to be on the
direction of the uniform stream, and the appropriate component of
the stress is = %

®
3 “U 7}
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% = cos ff — sin 60



Recall. See Acheson’s appendix

The components of the rate-of-strain tensor are given by:

o _lou u
" ar’ “ " rae r’
1 OJu, u, ugcoth
€op = - — ’
rsin@ o¢p r r
sinf 3 [ u, ) 1 Jug
= + ; A.44
o r 96 (sin 6/ rsin 6 9¢ ( )

1 Ou, d u¢)
— + —_— =
2o rsin 6 ¢ rar(r ’

d u9> 10u,
=r—(2)+-=— .
20 rar(r r 960
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The drag on the sphere is therefore
2n prm
D =j f ta*sin 6 d6 d¢ = 6rula.
0 0

This is the Stokes law. This is valid for low Re (measurements start to
deviate from Stokes law for Re = 0.5).

For a ball falling through a viscous liquid, we also have the buoyancy
force

6J'!7ﬂUTa = %303(psphcre - pﬂuid)g‘
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Stokes flow around a sphere (alternative

derivation)
Faber

When its inertial term is neglected, the Navier-Stokes equation becomes
—Vp* = pVA(V A u) =0, (6.63)
which, since
VA(VAu)=V(V-u) — Vu,

1s equivalent for an effectively incompressible fluid such that V- u is zero to
Vu = - Vp*. (6.64)

This is the basic equation of motion for creeping flow. Its solutions for u consist in
general of a particular integral, upy, and a complementary function, u¢g. The latter
is a solution of V2x = 0, which means that it is normally a solution of V./\ # = 0 and
can therefore be described by a potential ¢cp. In the present problem the
complementary function has to be chosen in such a way that it corresponds to
uniform flow in the x; direction at large distances from the sphere, so in the
spherical polar coordinates defined in fig. 4.6 we may expect [§4.7]

(}‘5(‘[: = UR cos 6 + AR_Z COS G,
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or
ug.cp = (U — 2AR %) cos 0,
ugcr = (—U — AR %) sin 6,
where the coefficient A remains to be determined.
We cannot hope to match the boundary condition that u = 0 at R = ¢ for all
values of 8 unless up p; and u,, py are likewise proportional to cos € and siné

respectively. But application of the divergence operator (V-) to (6.63) shows at
once that p* obeys Laplace’s equation,

VipE = 0. (6.65)

Where the flow is axially symmetric, as itis here, p* must therefore be expressible,
like ¢y, 1n solid harmonic functions. If it is defined to be zero at large values of R
where u = U, then the only credible possibility is that

p* = BR™? cos 6, (6.66)

where the coefficient B is independent of € and R. In that case Vp* is proportional
to R 7, and up; must therefore be proportional to R™'. Let us try

ugpp = CR" cos 6.
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Then in order to satisfy the condition

Voup = 1 a(R%uppr) L L osinBuyp)

2 ; - =0
R IR R sin 0 060

we must set

1 :
Hgpr = — ; CR_] sin 6.

Thesc guesses have now to be checked by substitution into (6.64). Both sides of
that equation are, of course, vectors, but to simplify the analysis we shall consider
only their components in the longitudinal x, direction; it can easily be verified that
when these are equal to one another the transverse components are equal to one
another also. On the left-hand side we have

) 1 M 1 ] ( .
Vou = R — —_ sin O ) Up COS O — Uy, sin 6),
L [R2 aR( aR) R sin 6 90 9} (it v )

which simplifies to

L1 9 ]
Vi pp == C—o—— smﬁ‘—-—2 0s> 0 + sin® 0
P T R? smﬁat‘?[ (2e )J

= — % (2 cos® 0 — sin® 6),
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On the right-hand side we have

—sin &
nox, n daR R a0

Lap* 1 cap® 1. #
*ai:-cosﬁap - ap)

B 2
=~ s (2 cos” 6 — sin” 0).
IR

Figure 6.12 Lines of flow past a sphere according to Stokes’s solution.

These expressions can indeed be made equal to one another, by choosing C = B/y.

Finally, to ensure that both ug and u, vanish at R = a we need to let A = — 1a’U,
C=—3al.

The full solution, which is the only solution which satisfies the given boundary
conditions, is therefore

3a @
Ug = Ugcp + Ugp = Ucos O (l - + —].

) 3
2R 2R (6.67)
3a o’
= e+ = —Usin@|1 =2 - 2.
Uy = Uy cr T Uppl sin ( iR 4R3)

103



The principal respects in which in which it differs from the solution of Euler’s
equation worked out in §4.7, on the basis of potential theory alone, are:

(i) it satisfies the no-slip boundary condition at the sphere’s surface;
(i1) it describes a velocity u in the equatorial (@ = 71/2) plane which increases
monotonically towards U with increasing R instead of decreasing;
(iit) the termsin a/R which it contains represent a perturbation of the flow field
which is of a long-range nature.
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Pressure

According to this solution, the excess stress which acts upon the surface of the
sphere has a normal component given by

k]

. g 3nU cos 0
)1: — s 2 (_) —
Pr =P 1 0R |, 2

[(6.11)] and a shear component acting in the direction of increasing ) given by
d (u 1 du 3nU sin 0
Sor = na[_.(-—a)—F_Z_R} :_.._2?__,..._
dR\R a 40 |, ., 2a

[(6.3) and (6.53)]. Taken together, these components are equivalent to a uniform
force per unit area in the direction of U of magnitude 3» U/2a. The total drag force
in the direction of U is therefore

Fp, = 4ma’ % = 6anal. (6.68)

This expression constitutes Stokes's law.
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Discussion

It is only in the limit when velocity U and Reynolds Number Re (= 2palU/y)
tend to zero that the assumption on which Stokes’s law is based 1s fully consistent
with the details of his solution. Since the leading term in # is U, while the next
terms in (6.67) are proportional to aU/R, the inertial term in the Navier-Stokes
equation, p(u-V)u, is of order pU”a/R” at large values of R according to Stokes,
while the viscous term 3V /A (V /A ) is of order yaU/R*. Far from being negligible,
the inertial term is clearly liable to exceed the viscous term at distances such that

R>i=2_a

pU Re

The inconsistency may suggest to the reader that we cannot trust equations (6.67)
to describe the velocity distribution in the immediate vicinity of the sphere, and
that we therefore cannot trust Stokes’s law, unless Re is really quite small
compared with unity. It is only when Re reaches about 0-5, however, that
deviations from the law become detectable experimentally.

Needless to say, it Stokes’s law applies in a frame of reference such that the
sphere is stationary then it applies also in the frame in which the distant fluid is
stationary and the sphere is moving instead. Thus a solid sphere of radius a and
density p, falling down the axis of a vertical cylinder of sufficiently large radius
which is filled with liquid of density p;;,. may be expected to reach a terminal
velocity U such that

106

4 .
6"71?“{} = Eﬁag(psol - pliq)gﬂ (669)



provided that

Re = 4agpliq(phnl B pliq)g
9

<05, (6.70)

If the falling sphere is itself liquid, with viscosity #’, circulating currents arise
within it as it falls which modify the flow pattern outside the sphere. The modified
form of Stokes’s law which applies in these circumstances is

_ 4mpaU(p + 33')

F
v n+

(6.71)

This cvidently reduces to (6.68) when ' > 5, e.g. under the conditions of
Millikan’s celebrated experiment, where the spheres were oil drops moving
through air. At the opposite extreme where ' <« 5, however, e.g. where the

spheres are very small bubbles of gas rising (rather than falling) through soda
water or champagne, it reduces to F, = 4nal/, so the terminal velocity of such
bubbles should be

2 .
U = LLi8 (6.72)
31

[(6.69), but with 6 replaced by 9 and with p, replaced by pu,: p,.. 15 negligible
compared with py;|. In fact, (6.72) does not describe the terminal velocity of rising
soda water bubbles at all accurately. That is partly because the Reynolds Number
normally exceeds -5 but also, it seems, because impurities adsorbed on the gas—
liquid interface endow this interface with some measure of rigidity. It can be
shown, incidentally, that the stresses which act on a gas bubble which is rising
steadily with Re << 1 do not tend to distort it; it should — and does — remain
spherical.

Challenge: exercise 4 of list 5
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Millennium Prize Problems

Birch and Swinnerton-Dyer conjecture
Hodge conjecture
Navier-Stokes existence and smoothness
P versus NP problem
Poincaré conjecture (solved)
Riemann hypothesis
Yang—Mills existence and mass gap

4( f‘é’&b

~—

ol

Flow visualization of a turbulent jet,
made by laser-induced fluorescence.
The jet exhibits a wide range of length
scales, an important characteristic of
turbulent flows.

Ve ToE

https://en.wikipedia.org/wiki/Navier%E2%80%93Stokes existence and smoothness

https://en.wikipedia.org/wiki/Millennium Prize Problems#Navier%E2%80%93Stokes e

xistence and smoothness
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Simple fluid simulations (exercises)

* Numerical solution of the Navier-Stokes equation;

e Lattice Boltzmann method (LBM): implements the Boltzmann
equation and recovers the Navier-Stokes equation in the macroscopic
limit;

» Use of python: not efficient, but practical and more didactic;

* Available at: https://github.com/rcvcoelho/lbm-python.git

¥ main - ¥ 1branch > 0tags Go to file m/

q' reveoelho Add files via upload 79da917 4 daysage YY) 3 commits
M LICENSE Initial commit 14 days ago
™ codel-multiphase.py Add files via upload 4 days ago
™ code2-cilinder.py Add files via upload 4 days ago
[ code3-Poiseuille.py Add files via upload 10 days ago
[ coded-kelvin-helmoltz.py Add files via upload 4 days ago
[ code5-von-karman-street.py Add files via upload 4 days ago 110



Poiseuille 2D

T=200 (transient state). It becomes a parabola for
longer times.
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Cylinder

t=76700 steps
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